In this work we define the new concept of monotone pointwise contraction mappings in Banach and metric spaces. Then we prove the existence of fixed points of such mappings.
Introduction
The notion of asymptotic pointwise mappings was introduced in [-]. The ultrapower technique was useful in proving some related fixed point results. In [], the authors gave simple and elementary proofs for the existence of fixed point theorems for asymptotic pointwise mappings without the use of ultrapowers. In [] , most of these results were extended to metric spaces. In this work, we introduce the new concept of monotone mappings in Banach and metric spaces. Indeed recently a new direction has been discovered dealing with the extension of the Banach contraction principle to metric spaces endowed with a partial order. The first attempt was successfully carried out by Ran and Reurings [] . In particular, they showed how this extension is useful when dealing with some special matrix equations. Another similar approach was carried out by Nieto and Rodríguez-López [] and they used such arguments in solving some differential equations. In [], Jachymski gave a more general unified version of these extensions by considering graphs instead of a partial order.
In this work, we investigate the fixed point theory of pointwise contraction mappings to the case of monotone mappings. In particular, we will extend the main result of [] to the case of monotone mappings. Our approach is new and different from the ideas found in [, ] .
For more on metric fixed point theory, the reader may consult the book [].
Preliminaries
Let (X, · ) be a Banach vector space and suppose ≤ is a partial order on X. As usual we adopt the convention x ≥ y if and only if y ≤ x. The linear structure of X is assumed to be compatible with the order structure in the following sense:
(ii) x ≤ y ⇒ αx ≤ αy for all x, y ∈ X and α ∈ R + .
Moreover, we will assume that order intervals are closed. Recall that an order interval is any of the subsets: (i) [a, →) = {x ∈ X; a x}, (ii) (←, a] = {x ∈ X; x a}, for any a ∈ X. Next we give the definition of monotone Lipschitzian mappings.
Definition  Let (X, · , ≤) be as above. Let C be a nonempty subset of X. A map T : C → X is said to be:
(a) monotone if T(x) ≤ T(y) whenever x ≤ y, (b) monotone pointwise Lipschitzian, if T is monotone and for any x ∈ X, there exists
for any y ∈ X such that x and y are comparable, i.e., x ≤ y or y ≤ x. If k(x) < , for any x ∈ X, then T is said to be a monotone pointwise contraction. A fixed point of T is any element x ∈ C such that T(x) = x. The set of all fixed points of T is denoted by Fix(T).
It is clear that pointwise contractive behavior was introduced to extend the contractive behavior in Banach contraction principle [] .
Example  Let K be a bounded closed convex subset of the Hilbert space  . Let 
The partial order on M is defined by:
(i) (, x) and (, y) are not comparable for any x, y ∈ K ; (ii) (ε, x) (ε, y) if and only if x ≤ y (using the natural pointwise order in  ), for any ε ∈ {, } and x, y ∈ K . Define the mapping T : M → M by
where F : K → K is continuously Fréchet differentiable on a convex open set containing K such that F x < , for each x ∈ K . We also assume that F is monotone, i.e., x ≤ y implies F(x) ≤ F(y) for any x, y ∈ K . Then T is monotone pointwise contraction on M. Indeed, any two points of M are comparable if and only if they have the same first component. Next we notice
where α(x) ∈ [, ), for any ε ∈ {, } and x, y ∈ K comparable. Clearly we used the fact that F is a pointwise contraction on K . But T is not a pointwise contraction on M since
The central fixed point result for pointwise contraction mappings is the following theorem [, ].
Theorem . Let K be a weakly compact convex subset of a Banach space and suppose T : K → K is a pointwise contraction. Then T has a unique fixed point, x
Note that if T is a monotone pointwise contraction, then it is not necessarily continuous by contrast to the pointwise contraction case. Since the main focus of this paper is the fixed point problem, we have the following result. Proof Let a ∈ Fix(T) and x comparable to a. Assume that a ≤ x. Since T is monotone, we have a ≤ T n (x), for any n ≥ . Using the definition of pointwise contraction we get
for any n ≥ . Since k(a) < , we conclude that {T n (a)} converges to a. Obviously if a and b are two fixed points of T and a ≤ b, then we have {T n (b)} = {b} converges to a, which implies a = b.
The crucial part in dealing with pointwise contractions is the existence of the fixed point. Usually it takes more assumptions than the classical Banach contraction principle.
Existence of fixed point of monotone pointwise contractions in Banach spaces
Let (X, · , ≤) be as above. Let C be a nonempty convex subset of X. Let T : C → C be a monotone mapping. Assume there exists
Consider the Krasnoselskii iteration sequence {x n } ⊂ C defined by
Since order intervals are convex, we have
. By induction, we will prove that
for any n ≥ . Let ω be a weak-cluster point of {x n }, i.e., there exists a subsequence {x φ(n) } which converges weakly to ω. Since order intervals are closed and convex, we conclude that x n ≤ ω, for any n ≥ , since {x n } is a monotone increasing sequence. From this we conclude that {x n } has at most one weak-cluster point.
Theorem . Let (X, · , ≤) be as above. Let C be a weakly compact nonempty convex subset of X. Let T : C → C be a monotone pointwise contraction. Assume there exists x  ∈ C such that x  ≤ T(x  ). Consider the sequence {x n } defined by (). Then {x n } is weakly convergent and lim n→∞ x n -T(x n ) = .
Proof Since C is weakly compact, the sequence {x n } has at least one weak-cluster point. Since {x n } has at most one weak-cluster point, we conclude that {x n } is weakly convergent.
As for the second part of this theorem, we will need the following inequality, proved in [, ]:
for any i, n ∈ N, which is proved by induction on i. Next we note first that { x n -T(x n ) } is decreasing. Indeed we have x n+ -x n = ( -λ)(T(x n ) -x n ), for any n ≥ . Therefore { x n -T(x n ) } is decreasing if and only if { x n+ -x n } is decreasing, which holds since
for any n ≥ . So if we assume that lim n→+∞ x n -T(x n ) = R > , then we let i → +∞ in the inequality () to obtain
for any n ∈ N, where δ(C) = diam(C). Obviously this is a contradiction since both λ and R are not equal to . Therefore we have
Remark  Let ω be the weak limit of {x n }. Using the properties of the order intervals, we conclude that x n ≤ ω, for any n ≥ . The monotonicity of T implies T(x n ) ≤ T(ω), for any n ≥ . Since {x n } is a quasi-fixed point sequence of T, i.e., lim n→+∞ x n -T(x n ) = , we conclude that {T(x n )} also weakly converges to ω, which implies ω ≤ T(ω).
Next we prove the main result of this work, which can be seen as an analog to Theorem .. Theorem . Let (X, · , ≤) be as above. Let C be a weakly compact nonempty convex subset of X. Let T : C → C be a monotone pointwise contraction. Assume there exists x  ∈ C such that x  ≤ T(x  ). Then T has a fixed point z ∈ C and {T n (x  )} converges to z.
Proof Let {x n } be the sequence generated from x  by (). Let ω be its weak limit. Define the type function τ : C → [, +∞) by
Obviously τ is a continuous convex function. Since C is weakly compact convex subset of X, we conclude the existence of z ∈ C such that z ≥ ω and τ (z) = τ  . Since T is monotone, we have T(ω) ≤ T(z), which implies ω ≤ T(z) by using Remark . Therefore we must have τ (z) ≤ τ (T(z)). On the other hand, we have
Since x n ≤ ω ≤ z, for any n ≥ , we get
i.e., {x n } converges to z. In other words, we have ω = z. Next we show that z ∈ Fix(T). Since
we conclude that {T(x n )} converges to T(z). Finally lim n→∞ x n -T(x n ) =  implies that T(z) = z. The last part of this theorem follows from the fact that x  ≤ z.
Note that the conclusion of Theorem . is still valid if we assume T(x  ) ≤ x  . In this case the Krasnoselskii sequence {x n } will be monotone decreasing and its limit will be less than x  .
Existence of fixed point of monotone pointwise contractions in metric spaces
In this section, we discuss the analog of Theorem . in metric spaces as the authors of [] did. The approach of both the linear and the nonlinear cases uses an intersection property of convex sets [] of admissible sets [] . Since the proof of the main result of the previous section is based on the Krasnoselskii iteration, we will need some kind of convex combination. This is the reason why we do need some kind of metric convexity.
Let (X, d) be a metric space. Suppose that there exists a family F of metric segments such that any two points x, y in X are endpoints of a unique metric segment [x, y] ∈ F ([x, y] is an isometric image of the real line interval [, d(x, y)] ). We shall denote by βx ⊕ ( -β)y the unique point z of [x, y] which satisfies β)d(x, y) and d(z, y) = βd(x, y) , where β ∈ [, ]. Such metric spaces are usually called convex metric spaces [] . Moreover, if we have
for all p, q, x, y in X, and α ∈ [, ], then X is said to be a hyperbolic metric space (see [] ). Throughout this paper, we will assume Definition  Let (X, d) be a hyperbolic metric space. Let C be a nonempty convex closed subset of X. We say that C is weakly compact if and only if for any decreasing sequence {C n } of closed nonempty convex subsets of C, we see that n≥ C n is not empty.
Since in this work we discuss the fixed point theory of monotone mappings, we will need to introduce a partial order in (X, d). Indeed we assume that a partial order ≤ exists in X. As usual we adopt the convention x ≥ y if and only if y ≤ x. Throughout we assume that order intervals are closed and convex. Recall that an order interval is any of the subsets:
(i) [a, →) = {x ∈ X; a x}, (ii) (←, a] = {x ∈ X; x a}, for any a ∈ X. Next we give the definition of monotone Lipschitzian mappings.
Definition  Let (X, d, ≤) be as above. Let C be a nonempty subset of X. A map T : C → X is said to be:
for any y ∈ X such that x and y are comparable. If k(x) < , for any x ∈ X, then T is said to be a monotone pointwise contraction.
Let C be a nonempty convex subset of X. Let T : C → C be a monotone mapping. Assume there exists x  ∈ C such that x  ≤ T(x  ). Fix λ ∈ (, ). Consider the Krasnoselskii iteration sequence {x n } ⊂ C defined by
The following technical lemma is the metric version of the linear case above.
Lemma . Let (X, d, ≤) be as above. Let C be a nonempty convex subset of X. Let T : C → C be a monotone mapping. Assume there exists x  ∈ C such that x  ≤ T(x  ). Consider the sequence {x n } defined by (). Then {x n } satisfies the following properties:
The metric version of Theorem . is the following. Set τ  = inf{τ (x); x ∈ K}. Obviously τ is a continuous convex function, i.e., the set {x; τ (x) ≤ r} is convex for any r ≥ . Since C is weakly compact convex subset of X, we conclude the existence of z ∈ C such that z ∈ K and τ (z) = τ  . Since T is monotone, we have T(z) ∈ K . Hence τ (z) ≤ τ (T(z)). On the other hand, we have (x n , z) , n ≥ , we conclude that {T(x n )} converges to T(z). Finally lim n→∞ d(x n , T(x n )) =  implies that T(z) = z. The last part of this theorem follows from the fact that x  ≤ z.
Note that the conclusion of Theorem . is still valid if we assume T(x  ) ≤ x  .
